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Abstract —An analysis of the standard system of differential equations describing multi-speed
flows of multi-phase media is performed. It is proved that the Cauchy problem, as posed in most
best-estimate thermal-hydraulic codes, results in unstable solutions and potentially unreliable
description of many physical phenomena. A system of equations, free from instability effects, is
developed allowing more rigorous numerical modeling.

At present, mathematical (numerical) modeling of
physical processes, standard for different nuclear power
plant (NPP) operational modes is an effective tool for
safety analysis. The description of the thermal-dynamic
behavior of two-phase steam-liquid flow in NPP primary
circulation loops is known to be one of the most difficult
and important tasks. In modeling two-phase steam-liquid
flows, it is important to correctly describe the relative
motion of the steam and liquid phases. In general, two
approaches are used for this purpose: the first one is based
on the drift model, where the relative velocity of the
phases is defined from the empirical correlations, while the
second approach involves two separate momentum
equations for each phase.

It is worth saying that the modern best estimate
thermal-hydraulic codes, such as RELAP-5/MOD3',
CATHARE?, and KORSAR’ use two momentum equations
in the framework of the standard system of multi-phase
medium mechanics equations®. However, it is well known®
that for certain choice of inter-phase interaction this form
of system-equations could potentially break down: (1) it
may result in non-hyperbolic type of system-equations; (2)
the solutions could become unstable; (3) may pose an
incorrect Cauchy problem.

As such, the systems of equations require preliminary
mathematical analysis; otherwise the reliability (even at the
qualitative level) of the numerical solutions may be in
doubt. Indeed, due to the difficulties in measuring the
physical thermal-hydraulic parameters of NPP’s with
sufficient accuracy, verification of the constructed
mathematical models usually was performed using data
based on scaled-model experiments. Even for the largest
scale-models, the NPP/experiment ratio of thermal powers

and the corresponding volumetric ratio are generally of the
order of 10°.

The thermal-hydraulic models use auxiliary fitting
parameters to achieve a rather good qualitative and
quantitative description of the selected experimental data.
Whether these results are correct and can be extrapolated
to the behavior of full-scale reactors is not at all obvious®.
In order to extrapolate the results, it is important to insure
that a self-consistent mathematical system of equations is
used, which is generally not performed for the codes used
for modeling operating power plants.

In the present paper we propose an analysis for a
general system of equations that describes multi-velocity
flows and find an admissible class of inter-phase
interactions, which provide the correct description of the
Cauchy problem and insure the stability of the solution.

It is shown in Ref. 5 that a non-hyperbolic system of
equation describing two-velocity mixture flows with a
well-posed Cauchy problem is independent on phase
compressibility, and, hence, can be analyzed as a non-
compressible mediums resulting in a simpler model.

In the framework of a multi-phase mixture flow
model*, the one-dimensional flow of a mixture containing
n non-compressible phases is described by the following
system of equations:

Mass conservation equation,
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where p;,a;, and v, are, respectively, the real density, the
volume concentration and the velocity of the 7 -th phase;



Momentum conservation equation,
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In equations (2) F; and F,,; are respectively the inter-
phase and mass forces acting on the i-th phase. As will be
seen below, it is very important to take into account the
dependence of the inter-phase forces F; on the i -th phase,
which are in the form of spatial derivatives of thermal-
hydraulic parameters.

Following Ref. 5, we restrict the model to the case
when the inter-phase forces F; depend linearly on these
derivatives:
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where D, and D, are certain coefficients, and

Fb(vy,.....vy is a part of the inter-phase interaction, which
describes the phase friction and does not contain the
derivatives. Next, we will show, that the coefficients D,
and D, in equation (4) are not arbitrary. Indeed, the sum

of the equations (2) for all i’s gives a full momentum
conservation equation of the mixture, which does not
contain the inter-phase interaction forces, i.e., the
following condition shall be valid:
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Since equation (5) holds for any distributions of ¢;
and v;, and the coefficients D,;, and D,; do not depend on

the derivatives, we arrive at a rather strict limitation for the
explicit forms of D,;and D,,. Adding equations (2) for

non-compressible phases ( p;, = const; ), we obtain
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while from (3) it follows that
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independent, we would obtain from (5) 2n identities
D, =D,, =0. However, Equations (6) and (7) allow to

n

. ov
express two quantities, and a" through the other

X X
2n—2 ones. As a result, equation %)
provides 2n — 2 restrictions imposed on 2n functions
D,;,D,,. Hence, we can parameterize the latter by means

of two independent functions. After some algebra it is easy
to derive the following parameterization:

D, =D +v.D,, and D,, =a,D,, (8)

where D, and D, are some functions, being the same for
any i .

The inter-phase forces (4) contain two functions
D,,D,,and n functions Fb,, which must be derived from

experimental data. Unfortunately, almost all experimental
data have been obtained for stationary tests for

(g = 0] and homogeneous flow regimes (i = O)
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conditions that allow obtaining only the values of Fb,. At
present, establishing D,, D, through experiments is not
feasible.

Theoretical expressions have been derived for
D,,D, by averaging exact micro-equations’, but only for
very simple cases. It is shown in Ref. 5 that if for two
phases D, = D, =0, the system of equations (1) —(2) is
non-hyperbolic and the Cauchy problem is incorrect for
any Fb,. If non-zero D, and D, exist that would insure a
correct Cauchy problem. A possible form of inter-phase
interactions could be specified using data from an
experiment with large inhomogeneous velocity distribution
and phase volume concentrations (i.e., for relatively large

ov, oa,
values of the derivatives, dd & andi ).
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Previously, it was shown in Ref. 8 that for definite
values of the coefficients D;, D, , the system of equations

(1) — (2) allows describing flow flooding experiments,
where the velocity of descending water becomes zero due
to water entraining by ascending steam. In the present
paper, instead of using this type of experimental data, the
following simple steady-state flow model is used (see Fig.
1): a) the lower part of the vessel is filled with liquid and
the upper part is occupied with gas, b) the gas bubbles



move up through the liquid medium, while the liquid drops
fall down through the gaseous medium.
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Fig. 1 Simple model of stationary two-phase flow with
step-like parameter distribution

In order to insure that the water level in the vessel
stays steady, the liquid from the lower part of the vessel
must be evaporated that is equal to the rate of liquid drops,
and, correspondingly, gas from the upper part of the vessel
must outflow with the same flow rate of the bubbles. In
this flow model the volumetric velocity of mixture is zero.
It is clear, that such flow does exist, and at the phase
boundary, the volume concentrations and velocities are
discontinuous, while the boundary velocity equals zero. It
is worth saying that such flow model can easily be
described within the drift model, where the relative phase
velocity is defined from empirical correlations.

It is easy to show that the system of equations
(1)—(2), without any additional components for the inter-
phase force that is proportional to flow parameter gradi-
ents, cannot describe discontinuity in the parameters on the
boundary even in the steady-state case. From the mass and
momentum conservation equations, we can easily obtain a
generalized Bernoulli’s equation connecting pressures and
phase velocities for the steady-state conditions:

1
ol — pov:+
(2prI pj E+Fnzi .
= ,  (=12)
ox a

i

These equations indicate that the velocity change for
both phases due to the discontinuity have the same sign,
which is defined by the pressure discontinuity. On the
other hand, from equation (1) it follows that by conserving
phase flow through the boundary, the phase velocity

changes must have different signs. This point to a contra-
diction indicating that the above discussed flow regime
cannot be described without the derivatives in the inter-
phase force expression and the system of equations (1)—(2)
is incorrect without the additional gradient terms.

In order to examine the stability of the solution of the
system of equations (1)—(4), and (8), we introduce a quan-
tity y=(a,,v,,a,,V,,...a,,v,, p), which is a set of all
the variables. We will look for the non-steady solution as
the sum of the steady solution y and small disturbances

y" of the type

y=y. 4yt )

where the vector ' does not depend on time and spatial
coordinates.

If equation (9) is substituted into (1)—(4), and (8), a
linear equation for 'is obtained:

Me(3)=0, (10)

where M is a square matrix. The homogeneous linear
equation (10) will have nontrivial solutions only when the

determinant M is zero:
det (M )=0. (11)

After some transformations the condition (11) can be
written as
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dal]lp, v, -2 =D +v,D)+———|=
i=1 j=1

J#i

0

J

(12)
where A is a certain characteristic velocity.
From equation (12) it is seen that there exist 2(n —1)

values of A, and if all v; are different and D, =D, =0,

then all A’s are complex. As equation (12) has real
coefficients, the set of solutions consists from n—1 pairs
of complex conjugate values. Among them there always
exist solutions with positive imaginary part, which increase
exponentially when k — oc. This means that in the case of
n phases, if D, = D, =0, the solutions are non-stable and

the Cauchy problem is incorrect. Such a statement is in full
agreement with the result obtained in Ref. 4 for two
phases.

The condition of that all roots of equation (12) are
real does not allow to find the values of D, and D, in a

unique way (since there are a wide range of values exist
for D, and D, satisfying this condition).



Below for simplicity, we shall examine the two-phase
case, as the majority of flow modes (film-like, mono-
disperse bubble, slug, and some others) are well described
whenn=2.

It is worth to emphasize that if the terms in equation
(4) describing the inter-phase force including the
derivatives are selected with arbitrary D, and D,, the

resulting system of differential equations may be ill-posed.
For example, it may not be possible to write an appropriate
momentum equations (2) allowing the definition of the
flow parameters and velocities through the discontinuity
from the initial equations without using additional
correlations. The mixture momentum conservation law is
obtained by summing equations (2) through » resulting in:
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Unfortunately, it seems that no other type of
conservation law can be derived from equations (2), if D,

and D, are selected in an arbitrary manner.
This indicates that only certain values of D, and D,

could provide the appropriate form of equations if we start
from the momentum equations. For this purpose let us
consider the following expression for the inter-phase
forces

0
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where Pf{ey) is a function of the liquid phase volume
concentration and v,, =v, —v,. Formula (14), as written,

is very general and could describe a wide range of inter-
phase interactions.

Assuming the above form for the inter-phase
interactions, the full system of differential equations will
take the following form:
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where ¢ = ,and v, =a,v, +a,v,

(122} a, a,
is the average-volume velocity.
The system of four equations (15) contains four
independent, unknown quantities, «,,v,,v,,p. The

structure of the first two equations is similar to the
equations describing one-phase incompressible medium
movement. The second equation in the equation-system
(15) reflects the mixture volume velocity conservation and
can be obtained by assuming incompressibility of the
phases. The third equation is easily derived by combining
one mass conservation equations, while the fourth equation
follows from the momentum equations (2), with the inter-
phase forces are given in formula (14).

It is convenient to rewrite the third and fourth
equations, using new variables a=«a, -, and

v, = pP;V, — P5V,, to obtain
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where A,,,4,,,4,,,4,, are the flow parameter functions,
the explicit form of which will be specified below for the
definite final form of the inter-phase interactions.

The differential part of the system of equations (16)
depends on « and v,, but do not depend on the other
variables, i.e., it can be separated from equations (15) into
a sub-system of equations. This allows treating the third
and fourth equations in the system of equations (15)
independently constructing a separate numerical solution
method. The characteristics 4, , of the system of equations

(16) may be written as

By =3+ 2 2y = 2l 4420 (D)

In the special case when velocity distribution is
stationary (corresponding to stationary distribution of v, ),

the system of equations (16) becomes the well-known
drift model. Indeed, if we ignore the phase inertia in the
second equation of the system (16), i.e., the left-hand-side
is set to zero, we get the relation



p=0,

from which the quantity v,,can easily be found and the
following equation is obtained:

6_a+ a_a—o
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From the general theory of differential equations with
partial derivatives it follows that, if the system of equation
(16) is hyperbolic (i.e., the expression under the square
root in formula (17) is positive), it will have stable
solutions and is posed as a correct Cauchy problem. It is
important to recognize that this condition is a necessary
condition, but not sufficient. It is easy to show that the
system of equation (16) has a stable solution and a correct
Cauchy problem under small perturbations with linear
approximation, if the value A, is located between the

characteristics A, and 4, .

On the contrary, the solution is unstable, and the
Cauchy problem is incorrect, if the value of 4, is more

than the maximum or less than the minimum
characteristics. ~ If the value A4,, lies between the

characteristics 4,4, and coincides with none of them, the

initial step-like distribution will spread out over time.
Finally, if 2,, equals either 4, or4,, the solution is

stable and the initial step-like distribution retains its shape.
From here an important fact follows that one of the
characteristics of the system of equations (16) must
coincide with the drift velocity to correctly describe the
above mentioned step-like solution. This latter condition
for A,, imposes very stringent restrictions on the

admissible form of the function Pf () .

As was shown above, the necessary condition for
stable solutions is that the system of equations is
hyperbolic. However, this is a necessary, but not sufficient
condition, and additional analysis is required to determine
the stability of solutions of for the specific system of
equations.

The results of such analysis depend on the type of
inter-phase interactions caused by viscosity effects and
mass forces. To simplify the analysis, the following
standard expressions will be used for the inter-phase forces
Fb, and mass forces F,, , F, :

my >~ my
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where K, is the coefficient of the inter-phase friction (Kp,
>0), and g is the free-fall acceleration (g > 0).

Using (18) and making standard but rather long
calculations, it can be proved, that in many cases the terms
contained in the formula (14) stabilizes the system of
equations (1)—(2) and insures that the system of equations
(16) is hyperbolic. However, the solutions still remain
unstable and, hence, the Cauchy problem is not correct. In
single-phase hydrodynamics, the hyperbolic system of
differential equations together with the physical
“reasonableness” of closing correlations usually ensures
the stability of the solution.

In the present case, even though the system of
equations may be hyperbolic, the closing correlations (18)
are simple and would decrease the phase velocity
differences (i.e. appears physically “reasonable”), but the
solution could still be unstable. In spite of defining
stabilizing components, the stability of the system of
equations (1)—(2) is not fully assured by insuring only
hyperbolic conditions.

We have concluded earlier that one of the
characteristics of the system must coincide with the drift
velocity defining the form Pf{¢;) in formula (14) up to a
constant (i.e. the quantity which does not depend on the
volume concentrations of phases ¢, and , ):
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This result is of ultimate importance: starting from
the mostly general formula for the inter-phase forces,
correlation (14), we could define the only possible form of
the inter-phase force (19) up to a constant term). The
constant ¢, which depends on the phase densities should be
defined for particular flow regimes experimentally or by
averaging the micro-equations. For any fluid, if
correlation (14) becomes unusable, the general method,
presented in this paper, allows the construction of a
differential equation for the inter-phase force.

After taking into account formula (19), the correct
(divergent, hyperbolic and with stable solutions) system of
equations (i.e. the last two equations in the system of equa-
tions (15)) will take the following form:
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For simplicity we retain in equations (18) the
quantities «,, a,, and v,,, where the last variables are
implied to be expressed through o, v,,and v, .

The first equation in (20) is simply the restatement of
the well-known equation

0
(@ —ay))+— (v, —a,v,) =0,
ox

but being written with the variables o and v, .

The system of equations (20) is written in the
divergent form and can be brought to form (16) by
defining the coefficients with the particular inter-phase
interaction (19):
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The system of equations (16), with the above defined
coefficients (21), will have one of the characteristics
coinciding with the drift velocity

A = ﬂdrifr or 4, = ﬂ’driﬁ >

since exactly this condition was used in the derivation of
the function Pf in form (19). Note that for the specific
inter-phase and mass forces described by the correlations

(18), the slip v,, in the drift model is independent of the

volumetric phase concentrations, and
ﬂdriﬂ =v, +v,(1-2a,).
The other characteristic is
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Figure 2 shows the characteristics 4, and A, as

functions of the liquid phase volumetric concentration «,
for the case p; =1000, p, =10, v, =0, v, =—1, with
the constant ¢ =0 in formula (19). The quantities A, and
A, correspond, respectively, to the signs ‘+’ and °-° in
equation (17).

Characteristics

Poi0) - . A .
0,0 02 0,4 06 08 1,0

Volumetric concentration of liquid

Fig. 2 Dependence of system characteristics as function
of volumetric concentration of liquid

The above linear analysis was made for small
perturbations, but it can be seen that the conservative non-
linear equations (20) also describe steady solutions with
finite, but not necessarily small, step-like distributions of
phase volumetric concentrations and velocities (in
particular, for the flow model shown in Fig. 1). The main
ideas described in this paper, are used in the two-velocity



version of the BAGIRA code (Ref. 10) and we believe that
numerical calculations should rely only on such analysis.

It is of some interest to analyze the mathematical
models of multi-velocity flows as used in other thermal-
hydraulic codes. In general, the main differential laws of
mass and momentum conservation are similar to those
described here, with differences appearing primarily
through the closing correlations.

In the RELAP5/MOD3 code', the following
expression is used for the differential part of the inter-
phase force F, :
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where p is the mixture density. This means that, instead
of formula (4), we have the formula

F =F, +Fb(v.v,). (24)
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While performing the standard calculations, it can be
shown that in case of two phases, the hyperbolic condition
is written as:
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This form can easily be transformed into:
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%pz(alpl _a2p2)2v122 20. (25)

As seen from (25), hyperbolic conditions are reached
whenk >2, however, when k<2 the system is not
hyperbolic, unless one of the last two factors on the right-
hand-side equals zero. Reference 1 mention that the
coefficient £ depends on the volumetric void fraction and
for all flow regimes k <2 unlessa =0.5. Thus, for all
values ofa, excepta =0.5, the system of differential
equations is non-hyperbolic.

In the CATHARE code’ the differential part of the
inter-phase force contains the so-called added mass term

ov, ov. Ov, ov,
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Correlation (26) differs from (23) by the convec-
tion components using the material derivative of the veloc-
ity, i.e. the derivative is in the frame of reference, con-
nected with the given phase. Note that it has been impossi-
ble until present time, deriving a formula for “virtual

mass” force in the mixture. We believe that correlation
(26) seems to be a more natural generalization, than corre-
lation (23).

In addition to equation (26), the full expression for
the differential part of the inter-phase force used in the
CATHARE code contains the term

oa,
F;j(rln) =P P 27)

where p;, is not the pressure, but some other quantity that is

defined depending on the flow regime considered. For in-
stance, for partially stratified flows
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that leads to the full differential part of the inter-phase
force as

F, =F g0 (29)
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It is easy to show, that the hyperbolic condition of the
differential equations, in case the formulas (24) and (29)
are used, may be written as follows:

2\ 2\
— kv arlpi) +alo) +hkp |20, (30)
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The above condition shows that the system of differential
equations used in CATHARE, is non-hyperbolic unless
v, =00r k=0.

It is worth mentioning that even if the coefficients
kin formulas (23) and (26) satisfy the hyperbolic
conditions of Equations (25) and (30), the corresponding
systems of equations analogous to the system of equations
(16) would have characteristics, which do not coincide
with the drift velocity 4, . As a consequence, this would

not allow getting a proper solution for the simple model of
stationary two-phase flow with step-like parameter
distribution, considered above (see Fig. 1).

The correlations for the inter-phase force used in
Russian codes, including two momentum equations, are
generally not analyzed, but use published correlations (for
example, KORSAR® wuses the correlation from
CATHARE).

We have shown in the above analysis that modern
thermal-hydraulic codes, which include two momentum
equations, are generally based on non-hyperbolic systems
of differential equations. Hence, the solutions of such
equations are unstable, and the corresponding Cauchy



problems are incorrect. This means, that the stable
solutions achieved by these codes, are not the real
solutions of the correspondent initial systems of equations,
and their stability seems to be provided by different
methods (for example, by introduction of numerical
viscosity). However, such artificial methods introduce
qualitative changes in the initial systems of equations.

The numerical solutions achieved using such methods
correspond to equations, which are different from the
initial systems leading to a loss of physical meaning of the
numerical results. Two-speed effects could significantly
depend on numerical methods and modeling such as
numerical mesh and cell sizes. This could result in
additional inaccuracies compounded when using the
experimental data to verify numerical models and makes it
more difficult to extrapolate the analytical results to
operating reactors.

The analysis presented in this paper allows drawing
the following conclusions:

o The systems of differential equations as used in
the modern best-estimate thermal-hydraulic codes
that describe multi-velocity flows of multi-phase
mixtures are non-hyperbolic, and their solutions
are non-stable.

e In order to eliminate potential inaccuracies, it is
recommended to include additional components
in the formulas for inter-phase forces. It is
suggested to include components, as described in
Equations (14) and (19), containing the spatial
derivatives of velocities and phase volumetric
concentrations.

e The method developed in this paper works
correctly for two-phase flow cases. However,
preliminary analysis indicates that if more than
two phases are considered, the inter-phase force
can not be constructed to insure: a) hyperbolic
system of equations, b) stable solutions, and c)
requiring that the basic equations have divergent
form. Additional methodological developments
are needed to include three or more phases.
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NOMENCLATURE
F; — inter-phase force acting on the i-th phase
F, — differential part of the inter-phase force
F — mass (gravitational) force acting on the i-th

phase

Fb;

— a part of the inter-phase force acting on the i-
th phase, which does not contain spatial
derivatives of phase velocities and volume
concentrations

— free-fall acceleration

— coefficient of the inter-phase friction

— number of phases

— pressure

— time

— i-th phase velocity

— the quantity p,v, — p,v,1in the two-phase case

— average volume velocity o,v, +a,v,in the

two-phase case
— relative velocity (slip) v, —v, in the two-

phase case
— spatial coordinate
— i-th phase volume concentration

— the difference of the phase volume
concentrations &, —¢, in the two-phase case

— i-th phase real density

— mixture density, p=a,p; +, 0,
o) |, Py Fu

a\a, Q a,

the quantity for the

two-phase case
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